This paper studies the problem of master-slave synchronization for uncertain Lur'e system via time-varying delayed feedback control. It proves a new inequality involving double integrals, which can reduce the conservatism of the known Jensen's like inequalities according to our analysis. By employing this new inequality and a new class of novel mode-dependent augmented Lyapunov-Krasovskii functional (LKF), it establishes some novel synchronization criteria, where the controller gain can be achieved by solving a set of linear matrix inequalities (LMIs). Two examples with numerical simulations are given to illustrate the feasibility and the superiority of our methods.
Introduction
During the last two decades, chaos synchronization has received much attention due to its theoretical importance and practical applications, see for example [1-4, 6, 9, 11, 12, 15, 17, 18, 22] and references therein. Such synchronization has been widely explored in a variety of fields including physical, chemical and ecological systems, human heartbeat regulation, secure communications, and so on. Moreover, a number of master-slave synchronization schemes for Lur'e systems have been proposed [3, 4, 12, 15, 17, 18] .
Recently, the effect of delay on synchronization between two chaotic systems has been reported in many literatures due to the propagation delay frequently encountered in remote master-slave synchronization scheme. Guo and Zhong in [6] and Yalcin et al. in [21] derived some delay-independent [9] and delay-dependent synchronization criteria for global asymptotic stability of the error system, which are expressed as LMIs and derived from extended LKFs. Liao and Chen [11] and Cao et al. [1] further generalized and improved the results in [21] and employed model transformation, which leads to some conservative synchronization criteria for inducing additional terms. Shortly, some new approaches are employed to avoid using model transformation and derive much less conservative synchronization conditions, for example, Xiang et al. [20] , He et al. [8] used integral inequality [22] in the derivative of Lyapunov functional respectively, and it turned out that the permissible delay threshold can be fairly enlarged both in theory and in numerical experiment. However, with the development of the time, many methods to reduce the conservatism have been produced and applied in many other fields such as the integral inequality techniques used in neural network [19] , and achieved good results. It should be pointed out that, most of the above articles are discussed only in constant delay. In practice, the time-varying delay often arises and may vary in a range.
Motivated by the above discussions, this paper investigates the problem of delay-dependent synchronization for uncertain Lur'e system with time-varying delayed feedback control. Before the problem of synchronization of uncertain Lur'e systems is investigated, this paper introduced a class of new tripleintegral inequality used in the following LKFs to get less conservative criteria. The LKF contains not only double-integral terms but also triple-integral terms. And using some other effective techniques, such as a piecewise analysis method and the general free-weighting matrix method, some sufficient conditions on the existence of a delayed error feedback controller derived in the form of LMIs are less conservative than the existing results. Two examples with numerical simulations are given to illustrate the effectiveness and superiority of the obtained criteria.
Notation: R n denotes the n-dimensional Euclidean space, and R n×m denotes the set of all n × m real matrices. P ∈ R n×n and P > 0 (respectively, P < 0) show that P is a positive (respectively, negative) definite matrix. diag {a 1 , a 2 , . . . , a n } represents a diagonal matrix with diagonal elements a 1 , a 2 , . . . , a n . * denotes a symmetric term in a symmetric matrix.
Problem statement and preliminaries
Consider the following master-slave synchronization scheme using time-varying delayed feedback control:
with master system M, slave system S and controller C, where the time-delay 0 h (t) h M and 0 ḣ (t) h d < 1. The master and slave systems are Lur'e systems with state vectors x, y ∈ R n , and the output vectors p, q ∈ R l , respectively. The matrices A ∈ R n×n , B ∈ R n×m , C ∈ R m×n and H ∈ R l×n are known constant matrices. The nonlinearity ϕ (·) is time-invariant, decoupled, and satisfies a sector condition with ϕ i (σ) (i = 1, 2, . . . , m) belonging to a sector [0, k], i.e.,
∆A (t) and ∆B (t) are time-varying uncertain matrices of appropriate dimensions, which are assumed to be of the following form:
where N, E a and E b are known real constant matrices of appropriate dimensions and F (t) is a timevarying uncertain matrix satisfying
Defining a signal e (t) = x (t) − y (t) as the synchronization error, we have the uncertain error dynamical system in the form:
The nonlinearity η (Ce, y) is assumed to belong to the sector [0, k], i.e., for all t 0, and for all e, y,
By using (2.3), the uncertain error dynamical system (2.4) can be written as follows:
where
The purpose of this paper is to study the mater-slave synchronization for uncertain Lur'e systems and design the controller (2.1), i.e., to find the controller gain M, such that the system described by (2.5) and (2.6) is robustly asymptotically stable, which means that the master system and the slave system are synchronized. The following lemmas are used in deriving synchronization criteria.
Lemma 2.1 ( [13, 14] ). For a given matrix R > 0, any differential function ω : [a, b] → R n , the following inequality holds:
Lemma 2.2. For a given matrix R > 0, the following inequality holds for all continuously differentiable function
Proof. For any continuous function ω (t) ∈ [t − h, t] and which admits a continuous derivative, define the function z by
The computation of
Simple calculation ensures that
and integration by parts ensures that
It thus follows from R > 0 that
More specifically, one can see
with 
Main results
We will establish a new delay-dependent stability criterion for the master-slave system by using the new inequality proposed above Lemma 2.2, which gives some less conservative sufficient conditions. Now we are in the position to state and prove the main results.
Theorem 3.1. The error system (2.6) satisfies the condition (2.5) is robustly asymptotically stable for given values
, and positive matrices P = P ij 5×5 , Q i (i = 1, 2, . . . , 8) such that the following LMI holds:
where E = E ij 10×10 , E ij = E ji , i, j = 1, 2, · · · , 10,
,
E 48 = hP 13 ,
E 410 = h 2 P 15 , Proof. First, an LKF is constructed for
and define
The time-derivative of function V i (x (t)) can be calculated respectively based on the trajectory of the system (2.6) as follows:V 1 (x (t)) = 2ξ
3)
Using Lemma 2.1 to obtain
e (s) ds
(3.9)
(3.10)
Using Lemma 2.2 we have 12) where
e (s) ds,
t t+θ e (s) dsdθ,
At the same time, we can get the following inequalities from formula (2.2) and (2.5) for any positive diagonal matrices T i = diag {t i1 , t i2 , . . . , t im } > 0, (i = 1, 2),
On the other hand, from the system (2.6), the following equation is true
According to inequalities (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8), (3.9), (3.10), (3.11), (3.12), (3.13), (3.14), (3.15), we getV
Obviously, (3.1) impliesV (x (t)) ξ T (t) Ξξ (t), which means that the error dynamical system (2.5) and (2.6) is robustly asymptotically state. This completes the proof.
As is known to all, as the matrix Ξ is linear with respect to h (t) andḣ (t) in view of timevarying delay, one can test the condition on its vertices based on the convex optimization theory. Obviously, we take h (t) = h andḣ (t) = 0 to get the maximum allowable delay bound because the delay is invariable for constant delay in Theorem 3.1.
Remark 3.3. The robustly asymptotically stability criterion Theorem 3.1 proposed in this paper is less conservative than existing results, which will be illustrated through two examples in the next section. Moreover, the main reason is to reduce the conservative by a piecewise analysis method, free weighting matrix approach and the new integral inequality in the Lyapunov functional.
The main reason of letting L 2 = µL 1 , G = L 1 M is to obtain the controller gain M with the following synchronization criterion. Corollary 3.4. The error system (2.6) satisfying the condition (2.5) is robustly asymptotically stable for given values h (t) in {0, h M },ḣ (t) in {0, h d } and q > 0, if there exist appropriate dimensional matrices L 1 , G, and positive diagonal matrices Λ = diag {λ 1 , λ 2 , . . . λ m } > 0, T i = diag {t i1 , t i2 , . . . , t im } > 0, (i = 1, 2), and positive matrices P = P ij 5×5 , Q i (i = 1, 2, . . . , 8) such that:
1 GH −I B 0 0 0 0 0 N . Moreover, a delay feedback controller gain matrix is given by M = L −1 1 G. Remark 3.5. As a special case, when ∆A = ∆B = 0, system (2.4) can be reduced to the following nominal form system without uncertainties:
With Theorem 3.1 and Corollary 3.4 similar approach, we give the following globally asymptotically stability criteria for the master-slave synchronization system without uncertainties. 
, and positive matrices P = P ij 5×5 , Q i (i = 1, 2, . . . , 8) such that 
Examples
In this section, we consider some numerical examples to illustrate the less conservativeness of the proposed stability criteria. It is worth mentioning that we take µ 3 = µ 7 = µ 8 = 0 to reduce complexity factor of this example. In order to show the improvement of this paper, we summarize some comparisons in Table 1 . Applying Matlab LMI-toolbox and the Remark 3.2 into the inequality (3.17), one can clearly see that the criterion in this paper provides a much less conservative result from Table 1 What's more, the error system (3.16) with the gain matrix M = 3.2379 0.5343 −2.9219 T is simulated and the synchronization is observed until h 0.295. No feasible point is found for h > 0.295. The simulation result with h = 0.295 is shown in Figure 2 . While the synchronization can be manifested until the maximum delay h = 0.28 in [10] , h = 0.213 in [21] and [7] , h = 0.222 in [20] , h > 0.25 in [8] respectively. This implies that our criterion is less conservative than that in [3] and [7, 8, 10, 20, 21] . e (t) = (A + ∆A (t)) e (t) + (B + ∆B (t)) η (Ce (t) , y (t)) − MHe (t − h (t)) , It is clear that the state trajectories approach to zero asymptotically.
Conclusion
In this paper, we have studied the problem of master-slave synchronization for uncertain Lur'e system with time-varying delayed feedback control by using a new Lyapunov-Krasovskii functional. The LKF contains not only double-integral terms but also triple-integral terms. Using some effective techniques, such as the new integral inequality introduced firstly here, a piecewise analysis method, and the general free-weighting matrix method, some sufficient conditions on the existence of a delayed error feedback controller derived in the form of LMIs are less conservative than existing results. Moreover, we have designed the controller by solving a set of LMIs. It can be shown that the obtained conditions are less conservative than previously existing results through numerical examples.
